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Abstract – In situations in which autonomous emergency braking is 

ineffective in avoiding an obstacle encountered in the current lane, 

autonomous emergency steering may be useful in avoiding the obstacle. 

This paper focuses on the comparison of the lane change paths by using 

autonomous emergency steering. Six functions that are considered for the 

generation of the desired lane change path are circular arcs, ramp 

sinusoidal, polynomial, clothoid, trapezoidal acceleration profile, and 

sigmoid. The longitudinal distance required to avoid the obstacle which is 

the total longitudinal distance for the complete lane change is calculated 

for different vehicle speeds and tire-road friction coefficients. The distances 

obtained for the six functions are compared and the function that achieves 

the shortest longitudinal distance to avoid the obstacle is regarded as the 

most effective function. For a total lateral displacement of 3.5 m and 

friction coefficients of 0.9, 0.5, and 0.2, circular arcs give the shortest and 

clothoid gives the longest longitudinal distance required to avoid the 

obstacle. 
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1.0 INTRODUCTION 

Autonomous vehicles are required to execute autonomous maneuvers including those forcing 

the vehicle to operate at the friction limits (Fors et al., 2020). Autonomous collision avoidance 

(Yokoyama et al., 2018), autonomous drifting (Goh et al., 2020), and autonomous racing 

(Kapania & Gerdes, 2020) are among the autonomous maneuvers in which the vehicle is 

operated at the friction limits. Autonomous collision avoidance is an important function of 

autonomous vehicles. In previous studies, different collision avoidance problems have been 

studied. Among them are obstacle avoidance (Singh & Nishihara, 2020), unintended road 

departure (Alleyne, 1997), collision avoidance in an intersection (Arikere et al., 2019), collision 
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avoidance in overtaking maneuvers (Isermann et al., 2012), and post-impact collision 

avoidance (Yang et al., 2014).  

In this paper, the scenario in which a vehicle encounters a stationary obstacle in the 

current lane is considered. This obstacle may be avoided by using either a stopping or lane 

change maneuver. For low vehicle speed, the stopping maneuver is more effective compared 

to the lane change maneuver because it requires a shorter stopping distance compared to the 

longitudinal distance required for the complete lane change. For high vehicle speed, a lane 

change maneuver is more effective compared to a stopping maneuver because a lane change 

maneuver requires a shorter longitudinal distance for the complete lane change compared to 

the stopping distance.  

The emergency lane change maneuver can be realized by using either steering (Shah et 

al., 2015; Soudbakhsh et al., 2013) or combined steering and braking (Yuan et al., 2019; Gao 

et al., 2019; Singh & Nishihara, 2018). One of the common approaches for autonomous lane 

change maneuver is first, a desired path or trajectory for lane change is generated and then, this 

desired path or trajectory is tracked by using either steering or steering with braking. Simple 

functions are desired for the generation of the desired lane change paths compared to the 

approaches that require iterative solutions. Examples of the functions that are used for desired 

lane change path generation are polynomial (Shah et al., 2015), ramp sinusoidal (Sledge & 

Marshek, 1997; Singh et al., 2020), and clothoid (Funke & Gerdes, 2016). These functions take 

into account the vehicle speed, friction limit, and total lateral displacement for the generation 

of the desired lane change path. Functions like sigmoid and trapezoidal acceleration profiles 

consider the maximum lateral jerk in addition to vehicle speed, friction limit, and total lateral 

displacement to generate the desired lane change path. The maximum lateral jerk is limited by 

the maximum steering rate. 

In this paper, six functions that are considered for the generation of the desired path for 

emergency lane change are circular arcs, ramp sinusoidal, polynomial, clothoid, trapezoidal 

acceleration profile, and sigmoid. The objective of this study is to determine which of these 

functions would achieve the shortest longitudinal distance to avoid the obstacle. The 

longitudinal distance required to avoid the obstacle is calculated for different vehicle speeds 

and tire-road friction coefficients. Besides, the regions on the vehicle speed–friction coefficient 

plane in which either the stopping or lane change maneuver is more effective are presented. 

This paper is organized as follows. The obstacle avoidance problem and maneuvers for 

obstacle avoidance are introduced in the next section. In the third section, the functions that are 

used to generate the desired lane change path are described. Numerical examples are provided 

in the fourth section. The last section concludes the paper. 

 

2.0 OBSTACLE AVOIDANCE PROBLEM AND MANEUVERS 

The collision avoidance problem considered in this paper is one in which a vehicle traveling 

on a straight road suddenly encounters a stationary obstacle in the current lane. The two 

avoidance maneuvers considered are the stopping and lane-change maneuvers. For each 

maneuver, the longitudinal distance required to avoid the obstacle is determined and used to 

decide if a collision is avoidable.  
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Figure 1 shows the stopping maneuver in which a vehicle in blue is traveling with an 

initial speed of ux and the vehicle brakes to stop just before the stationary obstacle. The stopping 

distance Sd, which is the longitudinal distance required to stop the vehicle, is given as 

𝑆𝑑 =
𝑢𝑥

2

2𝑎𝑥,max
 (1) 

where ax,max is the maximum longitudinal deceleration. This maximum deceleration is given as 

𝑎𝑥,max = 𝜇𝑔 (2) 

where µ is the tire-road friction coefficient and g is the gravitational acceleration. 

 

Figure 1: Stopping maneuver 

The lane change maneuver is shown in Figure 2 where a vehicle in blue executes a lane 

change maneuver to avoid a collision with the stationary obstacle. During the lane change 

maneuver, the vehicle is assumed to be traveling at a constant speed ux. In Figure 2, L denotes 

the longitudinal distance required to avoid the obstacle and Dy denotes the total lateral 

displacement. In the next section, six functions are considered for the generation of the desired 

lane change paths, and the mathematical equation for the longitudinal distance required to 

avoid the obstacle for each function is given. 

 

Figure 2: Lane change maneuver 

3.0 FUNCTIONS FOR LANE CHANGE PATH GENERATION 

In this section, six functions used to generate the desired lane change path are described. These 

functions are circular arcs, ramp sinusoidal, polynomial, clothoid, trapezoidal acceleration 

profile, and sigmoid. For the lane change maneuvers considered in this paper, the maximum 

lateral acceleration ay,max is limited by the tire-road friction coefficient. The maximum lateral 

acceleration is written as 

𝑎𝑦,max = 𝜇𝑔 (3) 
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where µ is the tire-road friction coefficient and g is the gravitational acceleration. For the 

trapezoidal acceleration profile and sigmoid functions, in addition to the maximum lateral 

acceleration, maximum lateral jerk is considered. 

3.1 Circular Arcs  

Two circular arcs can be used to represent the lane change path (Sledge and Marshek, 1997). 

The lateral position is given as  

𝑦(𝑥) = {
𝜌 − √𝜌2 − 𝑥2 , 0 ≤ 𝑥 <

𝐿𝑐𝑎

2

𝐷𝑦 − 𝜌 + √𝜌2 − 𝑥2 + 2𝑥𝐿𝑐𝑎 − 𝐿𝑐𝑎
2 ,

𝐿𝑐𝑎

2
≤ 𝑥 ≤ 𝐿𝑐𝑎

 (4) 

where ρ is the constant radius of curvature and is given by 

𝜌 =
𝐿𝑐𝑎

2 + 𝐷𝑦
2

4𝐷𝑦
 (5) 

and Lca is the total longitudinal distance required for complete lane change. The minimum 

radius of curvature can be written as 

𝜌min =
𝑢𝑥

2

𝑎𝑦,max
 (6) 

 By substituting Equation (6) into Equation (5), and then by solving the resulting equation 

for Lca, the total longitudinal distance for lane change is obtained (Sledge & Marshek, 1997) 

𝐿𝑐𝑎 = √
4𝐷𝑦𝑢𝑥

2

𝑎𝑦,max
− 𝐷𝑦

2 (7) 

3.2 Ramp Sinusoidal 

For the generation of the desired lane change paths, the ramp sinusoidal function is preferred 

over the circular arcs because ramp sinusoidal provides continuous curvature. Sledge and 

Marshek (1997) provided the following form of the lateral position 

𝑦(𝑥) = 𝐷𝑦 [
𝑥

𝐿𝑟𝑠
−

1

2𝜋
sin (

2𝜋𝑥

𝐿𝑟𝑠
)] (8) 

where Lrs is the total longitudinal distance for lane change. The minimum radius for Equation 

(8) is given by Sledge and Marshek (1997) as 

𝜌min =
𝐿𝑟𝑠

2

2𝜋𝐷𝑦
 (9) 

As described by Sledge and Marshek (1997), the total longitudinal distance for lane 

change is obtained by first equating Equations (6) and (9) and then, by solving the resulting 

equation for Lrs 
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𝐿𝑟𝑠 = 𝑢𝑥√
2𝜋𝐷𝑦

𝑎𝑦,max
 (10) 

3.3 Polynomial 

A quintic polynomial can be used to represent the lane change path. The quintic polynomial is 

given as 

𝑦(𝑥) = 𝑎5𝑥5 + 𝑎4𝑥4 + 𝑎3𝑥3 + 𝑎2𝑥2 + 𝑎1𝑥 + 𝑎0 (11) 

The polynomial coefficients a5 to a0 as in Equation (11) must satisfy the following constraints 

(Nelson, 1989): 

𝑦 = 0,   
𝑑𝑦

𝑑𝑥
= 0,   𝐾 = 0   at 𝑥 = 0 (12) 

𝑦 = 𝐷𝑦 ,   
𝑑𝑦

𝑑𝑥
= 0,   𝐾 = 0 at 𝑥 = 𝐿𝑝 (13) 

where K denotes the curvature of y(x) and is written as 

𝐾 =

𝑑2𝑦
𝑑𝑥2

[1 + (
𝑑𝑦
𝑑𝑥

)
2

]

3
2

 
(14) 

The quintic polynomial that satisfies the constraints in Equations (12) and (13) is written as 

given by Nelson (1989) 

𝑦(𝑥) = 𝐷𝑦 [10 (
𝑥

𝐿𝑝
)

3

− 15 (
𝑥

𝐿𝑝
)

4

+ 6 (
𝑥

𝐿𝑝
)

5

] (15) 

The total longitudinal distance for lane change is given by Weber (2012) as 

𝐿𝑝 = 𝑢𝑥√
10𝐷𝑦

√3𝑎𝑦,max

 (16) 

3.4 Clothoid 

Clothoid is defined as a curve with a curvature that varies linearly with the distance traveled 

along the curve. Clothoids are widely used in road designs and for lane change paths (Funke & 

Gerdes, 2016; Wilde, 2009; Gray et al., 2012). The curvature K is written as 

𝐾(𝑠) = 𝛼𝑠 (17) 

where α is the sharpness or the rate of change of the curvature with respect to the distance s 

traveled along the curve. Figure 3 shows a clothoid profile that consists of four clothoids to 

form a desired lane-change path. In Figure 3, l is the total distance traveled along the lane 

change path and Kmax is the maximum curvature. The total longitudinal distance for lane change 
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Lc is determined by considering the friction limit and the details on this are given by Funke and 

Gerdes (2016). 

 

Figure 3: Clothoid profile for lane change 

3.5 Trapezoidal Acceleration Profile 

The trapezoidal acceleration profile (TAP) that assumes a trapezoidal form for lateral 

acceleration is used to generate a lane change path is shown in Figure 4. In Figure 4, the blue 

line represents the maximum lateral jerk and the red line represents the maximum lateral 

acceleration. In previous studies, trapezoidal acceleration profile-based lane change paths are 

considered in studies on automated highways systems (Chee & Tomizuka, 1994) and collision 

avoidance (Soudbakhsh et al., 2013). 

 

Figure 4: Trapezoidal acceleration profile for lane change 
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The parameters t1, t2, t3, t4, and t5 (Chee & Tomizuka, 1994) are given as  

𝑡1 =
𝑎𝑦,max

𝐽𝑦,max
 (18) 

𝑡2 =

−𝑡1
2 + √𝑡1

4 + 4𝑡1

𝐷𝑦

𝐽𝑦,max

2𝑡1
 

(19) 

𝑡3 = 2𝑡1 + 𝑡2 (20) 

𝑡4 = 𝑡1 + 2𝑡2 (21) 

𝑡5 = 2𝑡1 + 2𝑡2 (22) 

 

where ay,max is the maximum lateral acceleration, Jy,max is the maximum lateral jerk, and t5 is 

the time required to complete the lane change. The lateral position for the lane change path can 

be obtained by integrating the desired lateral acceleration twice with respect to time. The total 

longitudinal distance for lane change Ltap is determined by setting appropriate values for the 

maximum lateral acceleration and maximum lateral jerk. The distance Ltap is written as 

 

𝐿𝑡𝑎𝑝 = 𝑢𝑥𝑡5 (23) 

3.6 Sigmoid 

A sigmoid function is used by Isermann et al. (2008) to represent the lane change path for 

collision avoidance study. The lateral position during the lane change is given as  

 

𝑦(𝑥) =
𝐷𝑦

1 + 𝑒−𝑏(𝑥−𝑐)
 (24) 

 

where b is the slope of the sigmoid and c is half of the total longitudinal distance for lane 

change Ls. The parameters b and c are determined by considering the maximum lateral 

acceleration and maximum lateral jerk. Once c is determined, the longitudinal distance required 

to avoid the obstacle can be calculated by using 

 

𝐿𝑠 = 2𝑐 (25) 

The details on the determination of b and c are given by Arbitmann et al. (2012). 

4.0 NUMERICAL EXAMPLES 

In this section, the total longitudinal distances for lane change for the six functions as described 

in the previous section are computed and compared. In all examples, the total lateral 

displacement Dy is assumed to be 3.5 m. Figures 5 to 7 show the longitudinal distance required 

to avoid the obstacle as a function of vehicle speed for friction coefficients of 0.9, 0.5, and 0.2, 

respectively. In these figures, the black line represents the stopping maneuver, and the blue, 

red, green, purple, gray, and cyan lines represent the lane change maneuvers by using circular 

arcs, ramp sinusoidal, polynomial, clothoid, trapezoidal acceleration profile, and sigmoid 

functions, respectively. The intersection point between the stopping and lane-change 

maneuvers is a point where the stopping distance and total longitudinal distance for lane change 

are the same.  
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For the case in which the friction coefficient is equal to 0.9, the functions can be 

arranged from the shortest to the longest longitudinal distance required to avoid the obstacle as 

circular arcs, polynomial, ramp sinusoidal, trapezoidal acceleration profile, sigmoid, and 

clothoid. It is apparent from Figure 5 that the longitudinal distances required to avoid the 

obstacle using the ramp sinusoidal and trapezoidal acceleration profile are near to each other. 

 

Figure 6 shows the longitudinal distance required to avoid the obstacle as a function of 

vehicle speed for a total lateral displacement of 3.5 m and a friction coefficient of 0.5. The 

functions that give the shortest to the longest longitudinal distance required to avoid the 

obstacle, in order are circular arcs, trapezoidal acceleration profile, polynomial, ramp 

sinusoidal, sigmoid, and clothoid. The longitudinal distance required to avoid the obstacle as a 

function of vehicle speed for total lateral displacement of 3.5 m and a friction coefficient of 0.2 

is shown in Figure 7. In this case, the functions arranged according to the longitudinal distance 

required to avoid the obstacle from shortest to longest, in order are circular arcs, trapezoidal 

acceleration profile, polynomial, ramp sinusoidal, sigmoid, and clothoid. 

 

As can be seen in Figures 5 to 7, for a given friction coefficient, the longitudinal 

distance required to avoid the obstacle increases with vehicle speed. For the three friction 

coefficients (0.9, 0.5, and 0.2), circular arcs give the shortest and clothoid gives the longest 

longitudinal distance to avoid the obstacle. 

 

 

Figure 5: Longitudinal distance required to avoid the obstacle as a function of vehicle speed assuming 

a total lateral displacement of 3.5 m and a friction coefficient of 0.9 
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Figure 6: Longitudinal distance required to avoid the obstacle as a function of vehicle speed assuming 

a total lateral displacement of 3.5 m and a friction coefficient of 0.5 

 

 

Figure 7: Longitudinal distance required to avoid the obstacle as a function of vehicle speed assuming 

a total lateral displacement of 3.5 m and a friction coefficient of 0.2 
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Figures 8(a), 8(b), 8(c), 8(e), and 8(f) show the contour plots of the total longitudinal 

distance for lane change using circular arcs, ramp sinusoidal, polynomial, trapezoidal 

acceleration profile, and sigmoid, respectively. It can be seen that the shortest total longitudinal 

distance for lane change is achieved when the vehicle speed is low and the friction coefficient 

is high. For a given vehicle speed, a shorter total longitudinal distance for lane change is 

achievable at high friction because the maximum available acceleration is used to perform the 

lane change maneuver. Figure 8(d) shows the contour plot of the maximum entry vehicle speed 

for lane change using clothoid. As shown in Figure 8(d), the highest maximum entry vehicle 

speed is obtained at a long longitudinal distance to the obstacle and high friction coefficient. 

 

The regions in which either stopping or lane change maneuver is more effective are 

shown in Figure 9. In Figure 9(a), the red region is where the longitudinal distance required to 

avoid the obstacle by stopping maneuver is shorter than that is obtained by lane change 

maneuver using circular arcs and the blue region is where the longitudinal distance required to 

avoid the obstacle by lane change maneuver using circular arcs is shorter than that is obtained 

by stopping maneuver. The maneuver that gives the shortest longitudinal distance to avoid the 

obstacle is considered the most effective maneuver. Similar explanations can be made for 

Figures 9(b), 9(c), 9(e) and 9(f). The red region in Figure 9(d) indicates that the maximum entry 

speed obtained by stopping maneuver is higher than that is obtained by lane change maneuver 

using clothoid and the blue region indicates that the maximum entry speed by lane change 

maneuver using clothoid is higher than that is obtained using stopping maneuver. The 

maneuver that gives the highest entry maximum vehicle speed is considered the most effective 

maneuver. 

 

Singh et al. (2021) compared the time to collision for lane changes generated by using 

circular arcs, ramp sinusoidal, polynomial, trapezoidal acceleration profile, and sigmoid. Time 

to collision is another collision avoidance index. A study by Singh and Nishihara (2021) 

presented dimensionless versions of the longitudinal distance to obstacle and time to collision 

for the desired lane change path generated by using the polynomial function. 

 

5.0 CONCLUSION 

 

In this paper, six functions are considered for the generation of the desired lane change paths. 

These functions are compared in terms of the total longitudinal distance for lane change which 

represents the longitudinal distance required to avoid the obstacle. For a given total lateral 

displacement and friction coefficients of 0.9, 0.5, and 0.2, the shortest and longest longitudinal 

distances required to avoid the obstacle are obtained by using circular arcs and clothoid, 

respectively. At low vehicle speed, the stopping maneuver requires a shorter avoidance 

distance compared to the lane change maneuver and vice versa. The regions on vehicle speed-

friction coefficient plane in which either braking or lane change maneuver requires the shorter 

avoidance distance are identified.  
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(a) (b) 

  

(c) (d) 

  
(e) (f) 

Figure 8: Contour plot of the total longitudinal distance for lane change for (a) circular arcs, (b) ramp 

sinusoidal, (c) polynomial, (e) trapezoidal acceleration profile, and (f) sigmoid, and contour plot of 

the maximum entry vehicle speed for (d) clothoid assuming a total lateral displacement of 3.5 m 

  



© Journal of the Society of Automotive Engineers Malaysia 
www.jsaem.my 
 

 
 

 

86 

 

  
(a) (b) 

  
(c) (d) 

  
(e) (f) 

Figure 9: Regions in which either stopping or lane change maneuver gives the shortest longitudinal 

distance required to avoid the obstacle for (a) circular arcs, (b) ramp sinusoidal, (c) polynomial, (e) 

trapezoidal acceleration profile, and (f) sigmoid, or the maximum entry vehicle speed for (d) clothoid 

assuming a total lateral displacement of 3.5 m 
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